Introduction
At the AI-92 and AI-93 workshops, I reported 1,2 on a wide variety of multi-loop results. Here, at AI-95, I shall confine myself to a single topic, namely the very recent results obtained by Dirk Kreimer and myself, at 7 loops, and beyond, by combining knot theory with state-of-the-art symbolic and numerical calculation. I refer you to the talks of my other collaborators -Pavel Baikov, Jochem Fleischer, John Gracey, Andrey Grozin, Oleg Tarasov -for reports of progress in other areas, and to the talk by Dirk Kreimer, for discussion of the knot theory used here.
The investigation concerns the primitive divergences contributing to the β-function of φ 4 theory, i.e. the counterterms that arise from diagrams that are free of subdivergences and hence make scheme-independent contributions to the β-function. A famous series of such diagrams is the 'zig-zag' series, beginning with To find the corresponding counterterms, one nullifies the 4 external momenta, and cuts the horizontal line, to obtain planar two-point diagrams, whose values (with unit external momentum, and loop-measure d 4 k/π 2 ) yield the indicated counterterms. The first two terms are trivial to obtain: Z(3) = W (3), Z(4) = W (4), where W (n) = nC n−1 ζ 2n−3 is the value of any diagram obtained by cutting the n-loop vacuum diagram consisting of a wheel with n spokes 3, 4 , and C n ≡ 1 n+1 2n n are the Catalan numbers. Thereafter, the rational numbers in the zig-zag series differ from those in the ladder 4, 5, 6 series. The 5-loop result was obtained in 7 and verified in 8 ; the 6-loop result was obtained in 8 and verified in 9 . The zig-zag diagrams, at 3, 4, and 5 loops, account for 44%, 46%, and 47% of the terms in the MS β-function, first calculated in 10 , and corrected in 11 . Moreover, they account for 100%, 100%, and 79% of the scheme-independent, primitive contributions. Hence there has long been an interest in obtaining the n-loop result, which we shall infer from numerical results, to n = 10 loops. We also compute all the primitive terms in the β-function, to n = 7 loops, and compare them with expectations based on knot theory 12 .
Expectations from Knot Theory
The recent association 12 of knots with transcendental numbers, in the counterterms of field theory, does not (yet, at least) allow us to obtain the value of a diagram directly from the associated knot (or knots). It does, however, provide a powerful guide to the transcendentals that are expected to occur, with rational coefficients, in the counterterm obtained from any diagram that is free of subdivergences. (The restriction to such primitive diagrams means that we do not need to specify a scheme.) As explained in Dirk Kreimer's talk, one can turn any φ 3 diagram into a link diagram, to which a skein relation is applied, yielding knots that are closures of positive braids. There are very few such knots. Ignoring factor knots, only 10 knots can be generated by diagrams with up to 7 loops. Of these, the 8 knots with up to 10 crossings are to be found in standard tables 13, 14 , where they are known as 3 1 , 5 1 , 7 1 , 8 19 , 9 1 , 10 124 , 10 139 , 10 152 , with the first number indicating the number of crossings. We denote the two positive-braid 11-crossing knots as 11 1 and 11 353 , for reasons that will become apparent when we identify the numbers that they entail.
With the exceptions of the satellite knots 10 139 , 10 152 , and 11 353 , all positive knots with up to 11 crossings are torus knots. The torus knot (p, q) = (q, p), with p and q having no common factor, is formed by a closed loop on a torus, winding round one axis p times, while it winds round the other q times, before rejoining itself. The n-loop ladder diagram 4, 5, 6 yields the torus knot (2n − 3, 2), with 2n − 3 crossings, thereby giving us the entries N 1 ∼ ζ N in the knot-to-number dictionary 12 , with N = 2n−3 crossings at the n-loop level. Considering φ 4 theory to be obtained from a φ 2 σ coupling, with a non-propagating σ ∼ φ 2 , one concludes 12 that the n-loop zig-zag counterterm will be a rational multiple of ζ 2n−3 .
There are two more torus knots encountered at up to 7 loops: 8 19 = (4, 3) and 10 124 = (5, 3). (With {(N, 2)|N = 3, 5, 7, 9, 11}, they exhaust the mutually prime pairs (p, q) such that the number of crossing, pq − max(p, q), does not exceed 11.) We shall identify the two double-sums associated with these two non-zeta knots.
Exact expressions for the numbers associated with 10 139 and 10 152
are not yet available; we shall be content with numerical evaluation of three diagrams whose skeinings yield combinations of the three positive 10-crossing knots, 10 124 , 10 139 and 10 152 . We show that the triple-sum F 353 ≡ l>m>n>0 l −3 m −5 n −3 is associated with 11 353 , and obtain analytical results for all the diagrams that produce it.
Our methods involve high-precision numerical evaluations, yielding numbers for which we seek analytical fits in knot-theoretically prescribed search spaces. These search spaces correspond to rational combinations of the transcendentals associated with knots obtained by skeining 12 the link diagrams that encode the topology of the intertwining of loop momenta in the counterterm diagrams.
Non-zeta Numbers and their Knots
With such a plethora of diagrams to consider, it is convenient to represent primitive counterterms by angular diagrams 8, 15 , such as &% '$ s where, for example, the arguments of G(n 1 , n 2 , n 3 ) specify the number of dots to be placed on the three lines, and all dots are connected to an origin (which is not shown). Then one uses the Gegenbauer expansion for the massless propagator with L dots, which is know in closed form 4 , for arbitrary L. The radial integrations can be done analytically. (We used REDUCE 16 .) The angular integrations yield, in the case of the first topology, the triangle function ∆(l, m, n), which is 1, or 0, according as (l + m + n + 1)/2 is, or is not, an integer greater than all of the Gegenbauer expansion indices, {l, m, n}, introduced in expanding the three 'dotted' propagators. For this topology, we obtain a finite number of infinite triple-sums: (5, 3) , we studied the 4-fold sums generated by angular diagrams of type M, evaluating all such diagrams, up to 7 loops. Thanks to powerful methods of accelerated convergence, multiple-precision 17 FORTRAN, and efficient integerrelation search routines 17 , it was easy to find, at 15 sf, and to verify, up to 45 sf, the analytical form of the sole level-8 non-zeta transcendental
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whose appearance we associate with the knot 8 19 = (4, 3). (The probability of an accidental fit is of order 10 −30 .) This is the only non-zeta number appearing in the expansion, to level 9, of the master two-loop diagram 18, 19 , where it enters via We thus identify {ζ 3 , ζ 5 , ζ 7 , K 53 , ζ 9 , K 73 , ζ 11 , K 353 } (and their products, corresponding to factor knots) as the only transcendentals that may appear in primitive diagrams whose skeinings do not involve the satellite knots 10 139 and 10 152 . By methods too laborious to recount here, we succeeded in evaluating all primitive diagrams of types M, C and D, up to 7 loops, to 50 sf, and (to our great delight) found integer relations, of the expected form, i.e. with no trace of 10 139 or 10 152 . (The probability of accidental fitting is typically 10 −20 , since the search routines need less than 30 sf, to produce results which hold to 50 sf.)
Our tables of new analytical results are too long to reproduce here. They have a feature that is notable: every planar diagram, and every diagram with 4-point (or lower) vertices (whether planar or non-planar), is a rational combination of transcendentals at the same level. Only for diagrams that are non-planar and also contain 5-point (or higher) vertices do we (sometimes) observe level-mixing. For B 5,10 are combinations of 10-crossing factor knots; B 6,9,12 entail 10 124 , 10 139 , 10 152 .
We regard the fit between knots and numbers, in 59 φ 4 counterterms, to 7 loops, as strongly indicative of the kinship of knot theory and field theory. We lack only a single, 6-element, integer-relation, between {B 6 , B 9 , B 12 } and {K 73 , ζ 7 ζ 3 , ζ 2 5 }, which the accuracy achieved for the fearsome 8-fold sums in B 9,12 is insufficient to reveal. We have found such relations for diagrams with 5-and 6-point vertices.
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